The confirmation of a conjecture on disjoint cycles in a graph by Ma, Fuhong & Yan, Jin
The confirmation of a conjecture on disjoint cycles in a graph∗
Fuhong Ma, Jin Yan†
School of Mathematics, Shandong University, Jinan 250100, China
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1 Introduction
In this paper, we consider only finite undirected graphs without loops and multiple
edges. Let G be a simple graph. A set of subgraphs of G is said to be vertex-
disjoint if no two of them have any vertex in common. Denote by e(G) the number
of edges of G. For a vertex x ∈ V (G), the neighborhood of x in G is denoted by
NG(x), and dG(x) = |NG(X)| is the degree of x in G. For a subgraph H of G
and a vertex x ∈ V (H), we denote NH(x) = NG(x)∩ V (H) and dH(x) = |NH(x)|.
For a subgraph H and a subset S of H, dH(S) =
∑
x∈S
dH(x). The vertex subgraph
induced by S is denoted by G[S], and G − S = G[V (G) − S]. For a graph G,
|G| = |V (G)| is the order of G, ω(G) is the number of components of G, δ(G) is
the minimum degree of G, and
σk(G) =min{
∑
x∈X
dG(x) | X is an independent set of G with |X| = k}.
For graphs G and H, G ∪H denotes the union of G and H. For a graph G, mG
denotes the union of m copies of G. Kn denotes a complete graph of order n.
In this paper, we consider degree sum conditions and the existence of vertex-
disjoint cycles. For convenience, we write disjoint instead of vertex-disjoint. Find-
ing proper conditions for disjoint cycles is an interesting problem. In 1962 [4],
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Erdo¨s and Po´sa found a condition concerning the number of edges to ensure two
disjoint cycles by proving that every graph G of order n ≥ 6, if e(G) ≥ 3n − 6,
then G has 2 disjoint cycles or is isomorphic to K3 + (n− 3)K1. In 1963 [2], Dirac
gave a minimum degree condition for k disjoint triangles. They proved that for
k ≥ 1, any graph G with order at least n ≥ 3k and δ(G) ≥ (n + k)/2 contains k
disjoint triangles. For general cycles, Corra´di and Hajnal proved a classical result.
Theorem 1. (Corra´di and Hajnal [1]) Suppose that |G| ≥ 3k and δ(G) ≥ 2k.
Then G contains k disjoint cycles.
Justesen inproved Theorem 1 as follows.
Theorem 2. (Justesen [8]) Suppose that |G| ≥ 3k and σ2(G) ≥ 4k. Then G
contains k disjoint cycles.
The degree condition in Theorem 2 is not sharp. Later, Enomoto and Wang
independently improved Theorem 2 and got a sharp degree bound.
Theorem 3. (Enomoto [3], Wang [11]) Suppose that |G| ≥ 3k and σ2(G) ≥ 4k−1.
Then G contains k disjoint cycles.
In 2006, Fujita, Matsumura, Tsugaki and Yamashita [5] gave a sharp degree
sum condition on three independent vertices by prove the following theorem.
Theorem 4. (Fujita et al. [5]) Suppose that k ≥ 2, |G| ≥ 3k+2. If σ3(G) ≥ 6k−2,
then G contains k disjoint cycles.
Recently, Gould, Hirohata and Keller proposed a more general conjecture.
Conjecture 1. ([6]) Let G be a graph of sufficiently large order. If σt(G) ≥
2kt− t+1 for any two integers k ≥ 2 and t ≥ 4, then G contains k disjoint cycles.
They showed that the degree sum condition conjectured above is sharp. Sharp-
ness is given by G = K2k−1 +mK1. The only independent vertices in G are those
in mK1. Each of these vertices has degree 2k−1. Thus σt(G) = t(2k−1) = 2kt−t
for any 4 ≤ t ≤ m. Apparently, G does not contain k disjoint cycles as any cycle
must contain two vertices of K2k−1. In the same paper, they also verified that the
case t = 4 is correct, which adds evidence for this conjecture.
In this paper, we solve Conjecture 1 for t ≥ 5, by proving the following theorem.
Theorem 5. Suppose that k ≥ 2, t ≥ 5 are two integers and |G| ≥ (2t − 1)k. If
σt(G) ≥ 2kt− t+ 1, then G contains k disjoint cycles.
Other related results about disjoint cycles in graphs and bipartite graphs have
been studied, we refer the reader see [7], [9], [10] and [12].
Remark. In the following, we introduce some useful notations. Let X, Y be
two vertex-disjoint subsets or subgraphs of G, E(X, Y ) denote the set of edges of G
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joining a vertex in X and a vertex in Y . If X = {x}, we denote E(x, Y ) instead of
E({x}, Y ). And denote e(X, Y ) = |E(X, Y )|, e(x, Y ) = |E(x, Y )|. For two disjoint
subgraphs H1, H2 of G, (d1, . . . , dn) (where d1 ≥ · · · ≥ dn) is a degree sequence
from H1 to H2 if there exist n vertices v1, . . . , vn in H1 such that e(vi, H2) ≥ di for
each 1 ≤ i ≤ n.
A forest is a graph each of whose components is a tree. A leaf is a vertex of a
forest whose degree is at most 1.
2 Lemmas
To prove Theorem 5, we make use of the following lemmas.
Let C1, . . . , Ck be k disjoint cycles of a graph G. If C
′
1, . . . , C
′
k are k disjoint
cycles of G and | ∪ki=1 V (C ′i)| < | ∪ki=1 V (Ci)|, then we call {C ′1, . . . , C ′k} shorter
cycles than {C1, . . . , Ck}. We also call {C1, . . . , Ck} minimal if G does not contain
k disjoint cycles C ′1, . . . , C
′
k such that | ∪ki=1 V (C ′i)| < ∪ki=1V (Ci)|.
Lemma 1. ([5]) Let k be a positive integer and C1, . . . , Ck be k disjoint cycles of
a graph G. If {C1, . . . , Ck} is minimal, then e(x,Ci) ≤ 3 for any x ∈ V (G) −
∪ki=1V (Ci) and for any 1 ≤ i ≤ k. Furthermore, e(x,Ci) = 3 implies |Ci| = 3 and
e(x,Ci) = 2 implies |Ci| ≤ 4.
Lemma 2. ([5]) Suppose that F is a forest with at least two components and
C is a triangle. Let x1, x2, x3 be leaves of F from at least two components. If
e({x1, x2, x3}, C) ≥ 7, then there are two disjoint cycles in G[F ∪ C] or there
exists a triangle C ′ in G[F ∪ C] such that ω(G[F ∪ C]− C ′) < ω(F ).
Lemma 3. Suppose that F is a forest with at least two components, C is a tri-
angle and t ≥ 3 is an integer. Let x1, x2, . . . , xt be leaves of F from at least two
components. If e({x1, x2, . . . , xt}, C) ≥ 2t+1, then there are two disjoint cycles in
G[F∪C] or there exists a triangle C ′ in G[F∪C] such that ω(G[F∪C]−C ′) < ω(F ).
Proof. We prove by induction on t. The case t = 3 holds by Lemma 2. Suppose
Lemma 3 holds for all integers less than t. Now we prove the case t. Let X =
{x1, . . . , xt}. Assume there is a vertex xi ∈ X such that e(xi, C) ≤ 2. Then
X − {xi} is a set of t − 1 leaves of F and e(X − {xi}, C) ≥ 2t − 1. If X − {xi}
comes from at least two components, by induction we are done. So X − {xi} is
contained in one component T of F .
Let C = v1v2v3v1. Since e(X − {xi}, C) ≥ 2t − 1, there exists a vertex xj ∈
X − {xi} such that e(xj, C) ≥ 3. Because |C| = 3, e(xj, C) = 3. Suppose there is
another vertex xk ∈ X−{xi, xj} with e(xk, C) = 3. Since e(X−{xi}, C) ≥ 2t−1,
it is easy to see that there is some xl ∈ X − {xi, xj, xk} such that e(xl, C) ≥
1. Because xj, xk, xl are three leaves from T , there is a path P = xk · · ·xl in
T connecting xk and xl such that xj /∈ V (P ). Assume xlv1 is an edge, then
xl · · ·xkv1xl and xjv2v3vj are two disjoint cycles. Thus e(x,C) ≤ 2 for all x ∈
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X − {xi, xj}. It is not difficult to check that in this case e(x,C) = 2 for all
x ∈ X − {xi, xj}. Now choose two vertices xk, xl ∈ X − {xi, xj}. Since |C| = 3,
xk, xl have a common neighbor, say v1. Then xk · · ·xlv1xk and xjv2v3xj are two
disjoint cycles.
Lemma 4. ([5]) Let C be a cycle and T be a tree with three leaves x1, x2, x3. If
e({x1, x2, x3}, C) ≥ 7, then there exist two disjoint cycles in G[C ∪ T ] or there
exists a cycle C ′ in G[C ∪ T ] such that |C ′| < |C|.
Lemma 5. Let C be a cycle and T a tree with t leaves x1, x2, . . . , xt, where t ≥ 3
is an integer. If e({x1, x2, . . . , xt}, C) ≥ 2t+ 1, then there exist two disjoint cycles
in G[C ∪ T ] or there exists a cycle C ′ in G[C ∪ T ] such that |C ′| < |C|.
Proof. We prove by induction on t. By Lemma 4, the case t = 3 holds. Suppose
the case t−1 holds. Let X = {x1, x2, . . . , xt}. If e(xi0 , C) ≤ 2 for some 1 ≤ i0 ≤ t,
then e(X − {xi0}, C) ≥ 2t− 1, and we apply induction on X − {xi0}. Otherwise,
e(xi, C) ≥ 3 for each 1 ≤ i ≤ t, and we apply Lemma 4 to any three vertices in
X.
Lemma 6. Let G be a graph satisfying the assumption of Theorem 5, and let
C1, . . . , Ck−1 be k − 1 disjoint cycles of G such that {C1, . . . , Ck−1} is minimal.
Suppose that H = G − ∪k−1i=1Ci is a forest which has t leaves. Then there exist k
disjoint cycles in G or there exists a triangle C in G[H ∪ Ci] such that ω(G[H ∪
Ci]− C) < ω(H), for some 1 ≤ i ≤ k − 1.
Proof. Let X = {x1, x2, . . . , xt} be t leaves of H and C = {C1, . . . , Ck−1}. Clearly,
dH(X) ≤ t. Hence, e(X,C) ≥ 2kt − t + 1 − t = 2t(k − 1) + 1. Therefore,
e(X,Ci0) ≥ 2t+ 1 for some 1 ≤ i0 ≤ k− 1. If the leaves in X come from the same
component of H, then using Lemma 5, there exist k disjoint cycles in G. So the
leaves in X must come from at least two components of H. Since e(X,Ci0) ≥ 2t+1,
we have e(xi, Ci0) ≥ 3 for some 1 ≤ i ≤ t. By Lemma 1, Ci0 is a triangle. Thus
using lemma 3, there exist k disjoint cycles in G or there exists a triangle C in
G[H ∪ Ci0 ] such that ω(G[H ∪ Ci0 ]− C) < ω(H).
Let F be a forest. We call a vertex x ∈ V (F ) large degree vertex if dF (x) ≥ 3.
Lemma 7. (i) Let T be a tree and L = {x1, . . . , xm} a set of large degree vertices
of T with dT (xi) = di for any 1 ≤ i ≤ m. Then T contains at least
m∑
i=1
di−2(m−1)
leaves.
(ii) Let T be a tree and S ⊆ V (T ) a vertex set. If S contains all the leaves of
T , then dT (S) ≤ 2|S| − 2.
(iii) Let F be a forest and S ⊆ V (F ) a vertex set. If S contains all the leaves
of F , then dF (S) ≤ 2|S| − 2ω(F ).
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Proof. (i) Let l be the number of leaves in T . Since T is a tree, it has |T | − 1
edges. Clearly,
m∑
i=1
di + l+ 2(|T | −m− l) ≤ 2(|T | − 1). Then l ≥
m∑
i=1
di− 2(m− 1),
done.
(ii) Suppose that {x1, . . . , xr} are all the large degree vertices that is contained
in S with dT (xi) = di for each 1 ≤ i ≤ r. By lemma 7-(ii), T contains at least
r∑
i=1
di− 2(r− 1) leaves. Thus S contains at least
r∑
i=1
di− 2(r− 1) leaves. Therefore,
dT (S) ≤
k∑
i=1
di + (
r∑
i=1
di − 2(r − 1)) + 2(|S| − r − (
r∑
i=1
di − 2(r − 1))) = 2|S| − 2.
(iii) Let ω(F ) = ω. Suppose F = T1 ∪ · · · ∪ Tω. Let Si = S ∩ V (Ti) for any
1 ≤ i ≤ ω. Then S = S1 ∪ · · · ∪ Sω. By Lemma 7-(i), dF (Si) = dTi(Si) ≤ 2|Si| − 2
for any 1 ≤ i ≤ ω. Hence, dF (S) =
ω∑
i=1
dF (Si) ≤
ω∑
i=1
(2|Si| − 2) = 2|S| − 2ω.
Lemma 8. ([6]) Let C1 and C2 be two disjoint cycles such that |C2| ≥ 6. Suppose
that C2 contains vertices with the following degree sequences from C2 to C1. Then
G[C1∪C2] contains two disjoint cycles C ′1 and C ′2 such that |C ′1|+|C ′2| < |C1|+|C2|.
(i) (5, 3)
(ii) (3, 3, 1)
(iii) (3, 2, 1, 1)
(iv) (3, 1, 1, 1, 1, 1)
(v) (2, 2, 2, 2, 2)
Lemma 9. Let C be a triangle, P a path with two end-vertices x, y. Suppose z is
a vertex of G − C − P . If e(x,C), e(y, C) ≥ 2 and e(z, C) = 3, then there exist
two disjoint cycles in G[C ∪ P ∪ {z}].
Proof. Suppose C = v0v1v2v0. Since e(x,C), e(y, C) ≥ 2, x, y have a common
neighbor on C, say v0. Then x · · · yv0x forms a cycle and zv1v2z is another cycle.
Lemma 10. Let C be an induced cycle with |C| ≤ 4, P1 = x · · · y a path with
end-vertices x, y and P2 = z · · ·w a path with end-vertices z, w. If P1 and P2 are
disjoint , e(x,C), e(y, C) ≥ 2 and e(z, C) ≥ 2, e(w,C) ≥ 1, then there exist two
disjoint cycles in G[C ∪ P1 ∪ P2] or a shorter cycle C ′ than C in G[C ∪ P1 ∪ P2].
Proof. We discuss in two cases according to the length of C.
First suppose that |C| = 3. Let C = v0v1v2v0. If z and w share a common
neighbor on C say v0, then z · · ·wv0z is a cycle. Since e(x,C), e(y, C) ≥ 2, both
x and y have at least one neighbor on C − {v0}. So it is easy to find another
cycle. Thus z and w have different neighbors on C. Suppose wv0, zv1, zv2 ∈ E(G).
Since e(x,C), e(y, C) ≥ 2, they share a common neighbor vi on C. If i = 1, 2, then
x · · · yvix and z . . . wv0v3−iz are two disjoint cycles. If i = 0, then x · · · yv0x and
zv1v2z are two disjoint cycles.
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Second we suppose that |C| = 4. Let C = v0v1v2v3v0. It is obvious that
e(x,C) = 2 and its two neighbors on C are nonadjacent. Otherwise, it is easy to
find a triangle. The same is true for y and z.
If z, w have a common neighbor, say vi, on C. Then z · · ·wviz is a cycle. Since
e(x,C) = e(y, C) = 2, we know e(x,C − vi) = e(y, C − vi) = 1. It is not difficult
to find another cycle in G[P1 ∪ (C − vi)]. So z, w have different neighbors on C.
Without loss of generality, we assume zv1, zv3, wv0 ∈ E(G). Then z · · ·wv0v1 is a
cycle. Since v0, v1 are adjacent on C, both x, y have at most one neighbor in v0, v1.
So e(x,C − {v0, v1}) = e(y, C − {v0, v1}) = 1. Again we can find another cycle in
G[P1 ∪ (C − {v0, v1})].
Lemma 11. Let C be an induced cycle with |C| ≤ 4, P1 = x · · · y a path with end-
vertices x, y and P2 connected. Suppose P1, P2 are disjoint and e(x,C), e(y, C) ≥ 2.
If there exist three vertices u, v, w ∈ V (P2) such that e(u,C), e(v, C), e(w,C) ≥
1, then there exist two disjoint cycles in G[C ∪ P1 ∪ P2] or a shorter cycle in
G[C ∪ P1 ∪ P2].
Proof. We discuss in two cases according to the length of C.
If |C| = 3, then let C = v0v1v2v0. Consider the three vertices u, v, w. If any
two of them say u, v, share a common neighbor, say v0, on C. Then v0u · · · vv0 is a
cycle. Since e(x,C), e(y, C) ≥ 2 and e(x,C−v0), e(y, C−v0) ≥ 1, it is easy to find
another cycle in G[P1∪(C−v0)]. So u, v, w have different neighbors on C. Without
loss of generality, we assume uv0, vv1, wv2 ∈ E(G). Since e(x,C), e(y, C) ≥ 2, they
share at least one common neighbor say v0, on C. Then v0x · · · yv0 and v · · ·wv2v1v
are two disjoint cycles.
So |C| = 4. Let C = v0v1v2v3v0. Clearly, e(x,C), e(y, C) = 2 and both x, y
have nonadjacent vertices on C. Otherwise, we can find a triangle.
If any two of u, v, w say u, v share a common neighbor say vi, on C. Then
viu · · · vvi is a cycle. As e(x,C), e(y, C) = 2 and e(x,C − vi), e(y, C − vi) = 1, it is
easy to find another cycle in G[P1 ∪ (C − vi)].
So u, v, w have different neighbors on C. Without loss of generality, we assume
uv0, vv1, wv2 ∈ E(G). Consider x, y. If x, y have common neighbors, say v0, v2,
on C, then v0x · · · yv0 and v1v · · ·wv2v1 are two disjoint cycles. So x, y have dif-
ferent neighbors on C. Suppose xv0, xv2, yv1, yv3 ∈ E(G). Then x · · · yv3v0x and
v1v · · ·wv2v1 are two disjoint cycles.
3 Proof of Theorem 5
Let G be an edge-maximal counterexample which satisfies the condition of The-
orem 5. Since a complete graph of order at least (2t − 1)k contains k disjoint
cycles, G is not complete. Let x and y be two non-adjacent vertices of G. Then
G′ = G+ xy is not a counterexample by the maximality of G. Hence G′ contains
k disjoint cycles C1, . . . , Ck and without loss of generality, we may assume that
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xy ∈ E(Ck). This means that G contains k − 1 disjoint cycles C1, . . . , Ck−1. Let
C = {C1, . . . , Ck−1} and H = G−C. Choose C1, . . . , Ck−1 such that
C is minimal. (1)
Subject to (1),
ω(H) is minimum. (2)
Clearly, any cycle C ∈ C has no chord by the minimality and H is a forest
otherwise G would contain k disjoint cycles.
We distinguish two cases according to the value of |H|.
CASE 1 |H| ≥ 3t− 1.
Suppose that ω(H) = ω and H = T1 ∪ · · · ∪ Tω, where Ti is a tree for each
1 ≤ i ≤ ω. Clearly, by Lemma 6, 1 ≤ ω ≤ t− 1. Since a tree is a bipartite graph,
there exists a vertex partition (Vi1, Vi2) of V (Ti) such that V (Ti) = Vi1 ∪ Vi2 and
Vi1, Vi2 are two disjoint independent sets of Ti. Let X = ∪ωi=1Vi1 and Y = ∪ωi=1Vi2.
Then X and Y are two disjoint independent sets of H and V (H) = X∪Y . Without
loss of generality, we may assume |X| ≥ |Y |.
Claim 1. There exist two disjoint independent sets in H such that each of which
contains t vertices.
Proof. Since |X| + |Y | = |H| ≥ 3t − 1 and |X| ≥ |Y |, we see that |X| > t. If
t < |X| < 2t, then |Y | ≥ t. There exists an independent set of size t in both X
and Y . If |X| ≥ 2t, then we can find two disjoint independent sets of size t in
X.
Let X1, X2 be those disjoint independent sets of Claim 1. Denote their union
by I. Choose I such that it contains as many as leaves of H. We claim that I
contains all the leaves of H.
Claim 2. I contains all the leaves of H.
Proof. Suppose there exists a leaf x such that x /∈ I. If x is an isolated vertex or
its neighbor z /∈ I, replace a vertex y ∈ I where dH(y) ≥ 2 by x, then we get a I ′
which contains more leaves than I. By Lemma 6, this kind of vertex y does exist.
Therefore, z ∈ I. If z is a leaf and without loss of generality assume z ∈ X1, then
add x to X2 by replacing a vertex y with dH(y) ≥ 2. If z is not a leaf, replace z
by x. In either case, we get a I ′ which contains more leaves than I.
Using Lemma 7-(iii), dH(I) ≤ 2|I| − 2ω = 4t− 2ω. Thus e(I,C) ≥ 2(2kt− t+
1) − (4t − 2ω) = 4t(k − 1) + 2ω + 2 − 2t. By pigeon hole principle, there exists
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some C ∈ C such that
e(I, C) ≥ 4t+ 2ω + 2− 2t
k − 1
≥ 2t+ 2ω + 2, since k ≥ 2 and ω ≤ t− 1. (3)
Let Y be the set of all vertices y ∈ I such that e(y, C) ≥ 2. By Lemma 1,
e(y, C) ≤ 3 for any y ∈ Y . Thus
e(I, C) ≤ 3|Y |+ (2t− |Y |) = 2|Y |+ 2t. (4)
By (3) and (4), we get that 2|Y |+ 2t ≥ 2t+ 2ω + 2, i.e.
|Y | ≥ ω + 1. (5)
Therefore, there exists some Ti ⊆ H such that |Y ∩ V (Ti)| ≥ 2. Since Y 6= ∅,
using Lemma 1, we see |C| ≤ 4.
Claim 3. For any Tj with j 6= i, e(Tj, C) ≤ 2.
Proof. Suppose otherwise e(Tj, C) ≥ 3. First, if there exist some u ∈ V (Tj) such
that e(u,C) ≥ 3, using Lemma 1, we know |C| = 3. Then using Lemma 9, we get
two disjoint cycles in G[C ∪Ti ∪Tj]. Second, if there are two vertices u, v ∈ V (Tj)
such that e(u,C) ≥ 2 and e(v, C) ≥ 1, by Lemma 10 and (1), we get two disjoint
cycles in G[C ∪ Ti ∪ Tj]. Finally, there are three vertices u, v, w ∈ V (Tj) such
that e(u,C), e(v, C), e(w,C) ≥ 1, by Lemma 11 and (1), again we get two disjoint
cycles in G[C ∪ Ti ∪ Tj].
From (3) and Claim 3,
e(I ∩ V (Ti), C) ≥ 2t+ 2ω + 2− 2(ω − 1) ≥ 2t+ 4. (6)
By Claim 3, |Y ∩ V (Tj)| ≤ 1 for any j 6= i. Hence, by (5), |Y ∩ V (Ti)| ≥
|Y | − (ω − 1) ≥ (ω + 1) − (ω − 1) = 2. We claim that at most one vertex
x ∈ V (Ti) ∩ I with e(x,C) ≥ 3. Suppose there are two vertices x, y ∈ V (Ti) ∩ I
with e(x,C), e(y, C) ≥ 3. Then by Lemma 1, |C| = 3. By (6), there must a vertex
z ∈ V (Ti) ∩ I with e(z, C) ≥ 1. So there is a path in Ti connecting, say x, to z
with y not on it. Without loss of generality, let C = v0v1v2v0 and zv0 ∈ E(G).
Now x · · · zv0x and yv1v2y are two disjoint cycles in G[C ∪ Ti], a contradiction.
Actually, |Y ∩ V (Ti)| ≥ 3. Assume |Y ∩ V (Ti)| ≤ 2. Let U = {v ∈ I ∩
V (Ti) : e(v, C) = 1}. Then by (6), |U | ≥ 2t + 4 − (3 + 2) = 2t − 1. Hence,
|I| ≥ |I ∩ V (Ti)| ≥ 2t− 1 + 2 = 2t+ 1, a contradiction.
Let A = {v ∈ I ∩ V (Ti) : e(v, C) ≥ 2} and B = {v ∈ I ∩ V (Ti) : e(v, C) = 1}.
By Lemmas 9 and 10, there exists a center vertex u∗ such that for any x, y ∈ A
the paths from x to u∗ and from y to u∗ are disjoint except the end-vertex u∗.
Moreover, for any x ∈ A, the path from x to u∗ contains no vertex in A ∪ B. For
8
any two vertices u, v ∈ B, let P1 be the path joining u to the center vertex u∗
and P2 be the path joining v to the center vertex u
∗. By Lemma 10, either P1
and P2 are disjoint except for the center vertex u
∗ or P1 ⊆ P2 or P2 ⊆ P1. By
Lemma 11, at most two vertices u, v ∈ B satisfying the latter case. That is to
say, for any u ∈ B, the path from u to u∗ contains at most one other vertex in
B. By Lemma 10, for any u ∈ B, the path from u to u∗ contains no vertex in A.
From the analysis above, we can see that the structure of Ti is something like an
extension of a star, see Fig.1.
Using Lemma 6, we know Ti contains at most (t − 1) − (w − 1) = t − w
leaves. Hence, if we let |A| = a and |B| = b, then b ≤ 2(t − ω − (a − 1)), a − 1
by considering the center vertex may belong to A. Therefore, e(I ∩ V (Ti), C) ≤
3+2a+b ≤ 2t−2ω+5. By (6), 2t−2ω+5 ≥ 2t+4, i.e. 1−2ω ≥ 0, a contradiction.
CASE 2 |H| ≤ 3t− 2.
Subcase 1 k = 2.
In this case, C has only one cycle C, and H = G−C. Suppose |H| ≥ 2t−1. Since
H is a forest, it is bipartite. There is a partition of V (H) = V1 ∪ V2 such that Vi
is an independent set for i = 1, 2. Since |H| ≥ 2t − 1, one of V1, V2 has at least t
vertices. Thus there exists an independent set X ⊆ H with |X| = t. Choose X
such that it contains as many leaves of H as possible.
Claim 4. dH(X) ≤ 2t− 2.
Proof. Let Xi = V (Ti) ∩X, then X = ∪1≤i≤ωXi. If Ti /∈ {K1, K2}, then we claim
that Xi contains all the leaves of Ti. Actually, suppose x is a leaf of Ti and x /∈ Xi.
Consider the neighbor of x in Ti, and denote it by y, obviously dTi(y) ≥ 2. If
y ∈ Xi, then replace Xi by X ′i = (X − {y}) ∪ {x} and X by X ′ = (X −Xi) ∪X ′i,
we get an independent set which contains more leaves than X, a contradiction. So
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y /∈ Xi. By Lemma 6, H contains at most t− 1 leaves, thus there exists a vertex
z ∈ X with dH(z) ≥ 2. Replace X by X ′ = (X − {z}) ∪ {x}, again we get an
independent set which contains more leaves than X. Therefore, by Lemma 7-(ii),
dH(Xi) ≤ 2|Xi| − 2.
For those Ti ∈ {K1, K2}, it is easy to see that dH(Xi) ≤ |Xi| = 1. Therefore,
dH(X) ≤
∑
Ti /∈{K1,K2}(2|Xi| − 2) +
∑
Ti∈{K1,K2} |Xi| ≤ 2|X| − 2.
Thus e(X,C) ≥ 2kt− t+ 1− (2t− 2) = t+ 3. Therefore, e(x,C) ≥ 2 for some
x ∈ I. By Lemma 1, this means |C| ≤ 4. Thus, |H| ≥ |G| − |C| ≥ (4t− 2)− 4 =
4t− 6 ≥ 3t− 1, since t ≥ 5. By Case 1, this is a contradiction.
Therefore, |H| ≤ 2t− 2. Then |C| ≥ |G| − |H| ≥ (4t− 2)− (2t− 2) = 2t+ 4.
Thus there exist two disjoint independent sets X1, X2 in C such that each has
t vertices. Denote their union by I. Since C has no chord, dC(I) = 4t. Then
e(I,H) ≥ 2(2kt − t + 1) − 4t = 4kt − 6t + 2 = 2t + 2, since k = 2. On the other
hand, since |C| ≥ 2t + 4 > 4, by Lemma 1, e(v, C) ≤ 1 for any v ∈ H. Hence,
e(H,C) ≤ |H|. Therefore, 2t + 2 ≤ e(I,H) ≤ e(C,H) ≤ |H|, i.e. |H| ≥ 2t + 2, a
contradiction.
Subcase 2 k ≥ 3.
Let C ∈ C be the longest cycle. Suppose |C| ≥ 2t. Denote by |C| = st+ r. Thus
there exist s independent sets X1, . . . , Xs in C, where s ≥ 2 and 0 ≤ r ≤ t−1. Let
I = X1 ∪ · · · ∪Xs. Since C has no chord, dC(I) = 2st. Moreover, since |C| ≥ 5,
by Lemma 1, e(I,H) ≤ |H| ≤ 3t− 2. Hence,
e(I,C− C) ≥ s(2kt− t+ 1)− 2st− (3t− 2)
= 2st(k − 2) + s(t+ 1)− (3t− 2).
Therefore, there exists some C ′ ∈ C− C such that
e(I, C ′) ≥ 2st+ s(t+ 1)− (3t− 2)
k − 2 (7)
We now discuss in two cases according to s.
Let h = max{e(v, C ′) : v ∈ I} and Z = {v ∈ I : NC′(v) 6= ∅}.
Subcase 2.1 s ≥ 3.
In this case, by (7), e(I, C ′) ≥ 2st + 1. Thus e(x,C ′) ≥ 3 for some x ∈ I. Then
3 ≤ h ≤ |C ′| ≤ |C| = st + r. So e(I − x,C ′) ≥ 2st + 1 − (st + r) = st − r + 1 ≥
2t + 2 ≥ 12, since s ≥ 3, r ≤ t− 1 and t ≥ 5. This implies that NC′(C − x) 6= ∅.
Then |Z| ≥ 2.
Suppose that |Z| = 2. Then dC′(v) ≥ 12 for any v ∈ Z. By Lemma 8-
(i), G[C ∪ C ′] contains two shorter disjoint cycles, contradicts (1). Suppose that
|Z| ≥ 6, by Lemma 8-(iv), G[C ∪ C ′] contains two shorter disjoint cycles, again
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a contradiction. Therefore, 3 ≤ |Z| ≤ 5. Since e(I − x,C ′) ≥ 12, dC′(y) ≥ 3 for
some y ∈ I − x. By Lemma 8-(ii), we get two shorter cycles in G[C ∪ C ′]. In any
case, we get a contradiction.
Subcase 2.2 s = 2.
By (7) and k ≥ 3, e(I, C ′) ≥ 4t + 4−t
k−2 ≥ 3t + 4. Then 2 ≤ h ≤ |C ′| ≤ 2t + r.
Without loss of generality, assume x ∈ I satisfies e(x,C ′) = h. So e(I − x,C ′) ≥
3t+ 4− (2t+ r) = t− r + 4 ≥ 5. That is to say, NC′(I − x) 6= ∅. Then |Z| ≥ 2.
Suppose h = 2. Let Y = {v ∈ I : e(v, C ′) = 2}. Then e(I, C ′) ≤ 2|Y | + (|I| −
|Y |) = |Y |+2t. Since e(I, C ′) ≥ 3t+4, we get |Y |+2t ≥ 3t+4, i.e. |Y | ≥ t+4 > 5.
By Lemma 8-(v), we get two shorter cycles in G[C ∪ C ′]. Therefore, h ≥ 3.
If |Z| = 2, then e(v, C ′) ≥ 5 for any v ∈ Z. By Lemma 8-(i), there are two
shorter cycles in G[C ∪ C ′]. If |Z| ≥ 6, by Lemma 8-(iv), G[C ∪ C ′] contains two
shorter disjoint cycles,a contradiction. So 5 ≥ |Z| ≥ 3. Since e(I − x,C ′) ≥ 5,
it is not difficult to check that we can get one of the following degree sequence S
from C to C ′: (h, 4, 1), (h, 3, 2), (h, 3 , 1, 1), (h, 2, 2, 1) and (h, 2, 1, 1, 1). Using
Lemma 8, in any case we get two shorter cycles in G[C ∪ C ′].
Therefore, |C| ≤ 2t − 1 for any C ∈ C. So |C| ≤ (k − 1)(2t − 1). Hence
|H| ≥ |G| − |C| ≥ (2t − 1)k − (2t − 1)(k − 1) = 2t − 1. As discussed before,
H contains an independent set X with t vertices. Choose X such that it has as
many leaves as possible. Using Claim 4, we know that dH(X) ≤ 2t − 2. Thus,
e(X,C) ≥ (2kt− t+ 1)− (2t− 2) = 2t(k− 1) + 3− t. Therefore, there exists some
C ∈ C such that
e(X,C) ≥ 2t+ 3− t
k − 1
> t+ 3, since k > 2 and t ≥ 5.
This means e(x,C) ≥ 2 for some x ∈ X. By Lemma 1, we see |C| ≤ 4. Hence,
|C| ≤ 4 + (k− 2)(2t− 1). It follows that |H| ≥ |G| − |C| ≥ (2t− 1)k− (4 + (2t−
1)(k − 2) = 4t − 6 ≥ 3t − 1, since t ≥ 5. By Case 1, we get a contradiction. We
finish our proof of Theorem 5.
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